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ABSTRACT 
The f i e ld  emission of cesium ions from a posit ive electrode 
i s  formulated for  the range of e l e c t r i c  f i e ld  over which an image 
potential binds the ions t o  the electrode surface. 
Recent investigations on the ionization of gas  atoms by a 
metal surface are u t i l i zed ,  i n  conjunction with steady-stat: argu- 
ments, t o  yield an expression for  the ion supply a t  the electrode 
surface. A tunnelling process i n  the presence o f  an e l e c t r i c  
f i e l d  i s  then considered, and the ion emission obtained i n  terms 
of fundamental constants and pertinent parameters. 
As p a r t  of the overall problem, the e f f ec t  on the emission 
current of fractional adsorbed atomic layers on the electrode i s  
examined; not surprisingly , the non-uni form properties of a real 
electrode lead t o  the same d i f f i cu l t i e s  in the description of ion 
emission as those met i n  the case of electron f i e l d  emission. 
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I .  INTRODUCTION 
The f i e l d  emission of ions from an electrode has important  
consequences fo r  discharge-produced plasmas operating a t  re1 a- 
t ively low temperatures ( T  $ 800°K). 
determining, among other things, the potential function i n  the 
I t  plays a key role in 
electrode vicini ty .  
The present investigation s directed towards a fomulation 
of f i e ld  ion emission for  t h a t  range of e l e c t r i c  f i e ld  wherein 
an image-force well binds t h e  ons t o  the electrode surface. 
This i s  the range normally encountered i n  plasmas produced by a 
gaseous discharge, and information about the ion current f i e ld -  
emitted into the plasma will give some insight i n t o  the anode- 
plasma accommodation necessary fo r  s tab le  operation. 
With  very h i g h  e l e c t r i c  f ie lds  (1O1O v/m and above), the 
image potential  well of an i o n  i n  the v ic in i ty  of a metal elec- 
trode i s  completely collapsed. 
proceeds under conditions very d i f f e ren t  from those considered 
here. The emission for  the very high f i e l d  range has been i n -  
vestigated by Good and Muller1, among others ,  i n  connection w i t h  
desorption techniques and Field Ion Microscope studies.  
For t h i s  s i tua t ion ,  the emission 
The general approach t o  the present problem will be as 
fol 1 ows : 
1 .  The anode surface will be considered as a featureless ,  
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two-dimensional continuum, w i th  an i o n  supply a v a i l a b l e  t h e r e a t  
v i a  a surface i o n i z a t i o n  process by which n e u t r a l  adsorbed atoms 
l o s e  a valence e l e c t r o n  t o  t h e  metal  through a t u n n e l l i n g  ef fect .  
The r e s u l t i n g  i o n  i s  bound i n  a combination image and van der 
Waals p o t e n t i a l  w e l l ,  w i t h  t h e  l a t t e r  supply ing a s t rong close- 
range r e p u l s i o n  e f f e c t .  
cannot go on i n d e f i n i t e l y ,  e q u i l i b r i u m  and steady-state arguments 
are u t i l i z e d  t o  g i v e  the  surface i o n  number dens i t y .  The expres- 
s i o n  r e s u l t i n g  from the steady-state s i t u a t i o n  i s  then used as a 
s t a r t i n g  p o i n t  i n  ob ta in ing  the i o n  supply f u n c t i o n .  
Since the  sur face i o n i z a t i o n  process 
2. I f  an e l e c t r i c  f i e l d  e x i s t s  a t  the anode sur face and 
v i c i n i t y  such t h a t  the anode i s  p o s i t i v e  w i t h  respect  t o  the  
plasma, then t h e  i o n  p o t e n t i a l  w e l l  i s  mod i f i ed  so t h a t  i t  i s  
f i n i t e ,  w i t h  a b a r r i e r  fo rm ing  between w e l l  and plasma. 
3. A t u n n e l l i n g  process i s  then considered by which the  
i ons  a re  emi t ted  i n t o  the plasma, t h i s  emission being formulated 
i n  terms o f  t h e  sur face f i e l d ,  i o n  species, temperature, e t c .  
The problem i s  thus very s i m i l a r  t o  t h a t  o f  e l e c t r o n  f i e l d  
emission, except t h a t  some important m o d i f i c a t i o n s  a r i s e  i n  the 
i o n  supply f u n c t i o n  and i n  the t u n n e l l i n g  process. 
o f  i o n  emission, energies up t o  t h e  b a r r i e r  t o p  must be consid- 
ered, whereas the  e l e c t r o n  f i e l d  emission process can1 conveni- 
e n t l y  be terminated i n  the neighborhood o f  t h e  metal  f e rm i  l e v e l .  
For the  case 
The s p e c i f i c  case of a tungsten anode w i t h  cesium vapor as 
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t h e  discharge medium w i  11 be considered throughout.  
i o n  i s  f a i r l y  general,  however, and such m o d i f i c a t i o n s  as may be 
requ i red  f o r  extension t o  other s i t u a t i o n s  should n o t  be o f  a ma- 
j o r  nature,  e s p e c i a l l y  f o r  the heav ie r  a l k a l i  metal  vapors as 
discharge media. 
The d i  scuss- 
I t  i s  impor tant  t o  p o i n t  o u t  t h a t  f o r  o r d i n a r y  emission den- 
s i t i e s ,  the present l a c k  o f  a r i g o r o u s l y  v a l i d  sur face i o n i z a t i o n  
r a t e  expression does n o t  s i g n i f i c a n t l y  impa i r  t h e  v a l i d i t y  o f  the 
r e s u l t s  here obtained. 
where i t  i s  po in ted  ou t  t h a t  over the  range o f  emission d e n s i t i e s  
normal ly  encountered, the emission equat ion i s  q u i t e  i n s e n s i t i v e  
t o  the  d e t a i l s  o f  t he  i o n i z a t i o n  r a t e .  Some phys i ca l  consider-  
a t i ons  t h a t  support  t h i s  r e s u l t ,  and i n  f a c t  r e q u i r e  i t ,  are a l so  
presented there.  
This  i s  discussed more f u l l y  i n  Sec.VI, 
I n  Secs.11 and 111, t h e  model on which the  i o n  supply func t -  
i o n  i s  based i s  presented. 
regard ing the  well-known fo rmu la t i on  o f  t h e  emission process i n  
terms of a "supply func t i on ' '  and ' ' t ransmission c o e f f i c i e n t " ,  and 
the r e s t  of the s e c t i o n  i s  then devoted t o  o b t a i n i n g  the supply 
funct ion.  Sect ion V g ives t h e  t ransmiss ion c o e f f i c i e n t ,  and t h i s  
i s  combined i n  Sec.VI w i t h  t h e  r e s u l t  o f  Sec.IV t o  o b t a i n  the  
emission cu r ren t .  
e lec t rode  work f u n c t i o n  on t h e  adsorbed n e u t r a l  atom f r a c t i o n  i s  
considered, and the emission equat ion then discussed i n  Sec.VII1. 
I n  Sec.IV, a b r i e f  statement i s  made 
I n  Sec.VI1, t h e  observed2 dependence o f  t he  
11. EQUILIBRIUM I O N  DENSITY ON ANODE SURFACE 
Consider f i r s t  a plane, cold, metal e lec t rode  w i t h  no a p p l i e d  
e l e c t r i c  f i e l d .  The energet ics i n v o l v e d  when a n e u t r a l  atom ap- 
proaches t h e  anode ( t r e a t e d  here as an i d e a l i z e d ,  s t r u c t u r e l e s s  
plane) can be represented as i n  F ig .  1. Th is  diagram shows the  
p o t e n t i a l  energy scheme f o r  t h e  valence e l e c t r o n  o f  the n e u t r a l  
atom as mod i f i ed  by the  image forces present  i n  the  v i c i n i t y  o f  
the anode. 
x=o x= s 
I v=o 
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Fig.1. P o t e n t i a l  energy o f  valence e l e c t r o n  near metal .  
I n  Fig.1, x denotes the distance along the  normal t o  the  surface, 
w i t h  t h e  zero o f  energy taken as t h a t  o f  a p o i n t  d i s t a n t  from 
bo th  e lec t rode  and atom core. The fe rm i  l e v e l  cF f o r  t h e  metal  
i s  measured f r o m  t h e  bottom o f  t h e  conduct ion band, and 4 i s  t h e  
metal work funct ion.  
energy of t h e  valence e l e c t r o n  below t h e  V = 0 reference, w i t h  




W t ,  > 0. 
the electrode by the surface interaction. 
of  the t ransi t ion of  the valence electron into the metal (see 
below), the level i s  a lso broadened. 
and in subsequent figures for  the sake of c l a r i t y .  
The valence level i s  sh i f ted3  a t  small distances from 
Due t o  the probability 
This i s  n o t  shown in Fig.1 
I f  $ > W b  for  a particular combination of metal and neutral 
atom, then the t r a n s i t i o n  o f  the valence electron into the metal 
indicated in Fig.1 may take place, leading t o  ionization o f  the 
neutral atom by the metal surface. The theory of t h i s  process 
has recently been discussed by Boudreaux and Cutler4s5, and by 
Gadzuk6, who considers the specific case of cesium on tungsten. 
Experimentally, the production o f  ions a t  a metal surface was 
observed many years ago. 
account of t h i s .  
Taylor  and  Langmuir2 give an excellent 
The above process clearly cannot continue indef in i te ly ,  so 
t h a t  some mechanism must exis t  tha t  l imits  the production of ions 
a t  the surface. Otherwise, a metall ic electrode would eventually 
remove a l l  gas atoms from t h e  surrounding space, since the sur- 
face ions would be bound by an image potent ia l ,  and successive 
adsorptions and ionizations of the gas atoms outside the elec- 
trode would i n  time resu l t  i n  t h e i r  a l l  being firmly bound t o  the 
electrode i n  the ionic  s t a t e .  
An obvious l imiting mechanism i s  available in the form of 
backward t rans i t ions ,  i . e . ,  the neutralization of surface-bound 
ions by e lec t rons  t u n n e l l i n g  from the  meta l .  
cess has been ex tens i ve l y  s tud ied by Hagstrum7'10. 
This  s o r t  o f  pro- 
Much more recen t l y ,  Gadzuk3, i n  a second c a l c u l a t i o n  towards 
ob ta in ing  the  i o n i z a t i o n  ra te ,  makes t h e  deta i led-balance assump- 
t i o n  t h a t  the  i o n i z a t i o n  and n e u t r a l i z a t i o n  ra tes  must be equal. 
Th is  must be t r u e  even tua l l y  ( f o r  no i o n  c u r r e n t ) ,  b u t  when, and 
under what cond i t ions? He un fo r tuna te l y  does no t  e labora te  on 
t h i s  po in t ,  and so one o f  the o b j e c t i v e s  o f  t he  present  i n v e s t i -  
ga t i on  i s  t o  ob ta in  an est imate o f  t h e  cond i t ions  necessary f o r  
the  e q u a l i t y  o f  t he  i o n i z a t i o n  and n e u t r a l i z a t i o n  ra tes .  I t  w i l l  
be seen t h a t  a method f o r  ob ta in ing  the  sur face  i o n  dens i t y  emer- 
ges from the  ana lys is .  
The d i f f i c u l t y  w i t h  niost o f  t h e  pub l ished i n v e s t i g a t i o n s  on 
both i o n i z a t i o n  and n e u t r a l i z a t i o n  t r a n s i t i o n  ra tes  i s  t h a t  they 
have so f a r  been considered completely o u t  o f  context ,  w i t h  no 
concern f o r  t h e  e f f e c t s  and/or demands o f  assoc iated c i r c u i t r y  
and 1 oca1 sur face cond i t ions .  Thus, f o r  example, the  n e u t r a l  i - 
z a t i o n  r a t e  must o f  necess i ty  depend on t h e  i o n  dens i t y  on the  
e lec t rode surface, w i t h  an obvious ly  zero r a t e  f o r  zero i o n  den- 
s i t y .  
s i t y ,  t he  e f fec t  o f  such a densi ty  on the  n e u t r a l i z a t i o n  energe- 
t i c s  must be taken i n t o  account. 
so t h a t  ex tan t  c a l c u l a t i o n s  cannot be q u i t e  co r rec t .  S t i l l  an- 
o the r  e f fec t  t h a t  has been neglected b u t  which i s  s i g n i f i c a n t  i s  
But if n e u t r a l i z a t i o n  requ i res  a non-zero sur face  i o n  den- 
So f a r ,  t h i s  has n o t  been done, 
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as fo l l ows :  Whenever t h e  n e u t r a l  atom i s  i o n i z e d  on the  surface, 
t he re  must necessar i l y  occur a "sw i tch"  i n  p o t e n t i a l  f o r  t h e  r e -  
s u l t i n g  ion.  That i s ,  t h e  i o n  now f i n d s  i t s e l f  i n  a combination 
adsorpt ion and image p o t e n t i a l  w e l l  t h a t  i s  much deeper ( -1  ev)  
than t h e  pu re l y  adsorp t ion  wel l  t h a t  bound t h e  n e u t r a l  atom. Thus 
a sur face i o n i z a t i o n  process i s  n o t  descr ibable by s imply  consi -  
der ing  o n l y  t h e  valence e lec t ron  energet ics ;  the  energet ics  o f  
a l l  p a r t i c l e s  t a k i n g  p a r t  i n  the t r a n s i t i o n  must be taken i n t o  
account. 
t h e  swi tch  i n  p o t e n t i a l s  simply vanishes ( o r  i s  c rea ted) .  
f o l l ow ing  two processes a r e  l i k e l y  p o s s i b i l i t i e s  i n  t h e  i o n i z a -  
t i o n  t r a n s i t i o n :  
Otherwise, t h e  very considerable energy associated w i t h  
The 
1. The neu t ra l  atom i s  ion ized,  w i t h  t h e  t u n n e l l i n g  e lec-  
t r o n  c a r r y i n g  away on ly  t h e  energy d i f f e r e n c e  between t h e  valence 
l e v e l  and t h e  metal  l e v e l  i t  occupies a f t e r  the  t r a n s i t i o n .  The 
r e s u l t i n g  ion .  which must now be considered as l e f t  i n  e x c i t e d  
s ta tes  i n  the  adsorp t ion  and image w e l l ,  subsequently decays t o  
t h e  lower  l e v e l s  v i a  r a d i a t i v e  o r  o the r  t r a n s i t i o n s ;  t h e  most 
l i k e l y  among the  l a t t e r  i s  probably t h e  non- rad ia t i ve  t r a n s f e r  o f  
energy and momentum t o  t h e  e lec t rode c r y s t a l  l a t t i c e .  
2. The i o n i z a t i o n  i s  a s ing le-s tage process i n  which t h e  
t u n n e l l i n g  e l e c t r o n  c a r r i e s  away t h e  energy i n  ( 1 )  above and i n  
a d d i t i o n  t h a t  a v a i l a b l e  from the swi tch  i n  p o t e n t i a l s .  
case, t h e  t u n n e l l i n g  e l e c t r o n  must decay t o  lower  l e v e l s  i n  t h e  
I n  any 
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metal by phonon de-excitation, or  by other processes. 
T h u s  the backward t r a n s i t i o n  i s  ordinar i ly  not as  l ikely as 
the forward, or ionization t ransi t ion.  For i f  neutralization i s  
t o  occur, n o t  only must the neutralizing metal electron have suf- 
f i c i e n t  energy t o  occupy the valence level, b u t  i n  addition must 
supply about 1 ev t o  " l i f t "  the ion u p  t o  the adsorption well ,  
e .g . ,  i f  the unoccupied valence level i s  a t  the same energy as 
the metal fermi level ,  only electrons from about 1 ev above cF  
can b r i n g  about neutralization. A t  ordinary temperatures, the 
population of metal electrons a t  t h i s  level may be too small t o  
produce a s ignif icant  neutralization ra te .  
following: 
t h a t  a potential bar r ie r  exis ts  for  the ions,  then i t  turns out 
(see below) t h a t  the resulting ion  ( i . e . ,  charge) accumulation 
will modify the t ransi t ion energetics such tha t  the ionization 
ra te  decreases. 
the neutralization t ransi t ions more numerous i n  two ways: 
( 1 )  more ions are present. ( 2 )  the energy requirements are  re- 
duced, so t h a t  the number of metal electrons energetically cap- 
able of neutralizing i s  increased. 
face density leads t o  an increasing neutralization r a t e  on the 
one hand, and a decreasing i o n i z a t i o n  r a t e  on the other. Event- 
ually,  the two must become equal, as Gadzuk assumes, b u t  only i f  
no ion current i s  being drawn from the surface. 
However, consider the 
I f  f i e l d  conditions a t  the electrode surface are such 
A t  the same time, this ion accumulation renders 
T h u s  the increase i n  ion sur- 
If  the ion 
9 
c u r r e n t  i s  iion-zero (and t h i s  would seem t o  be the on ly  case o f  
p r a c t i c a l  i n t e r e s t )  , then Gadzuk's assumption cannot be q u i t e  
v a l i d .  For where would t h e  i o n  c u r r e n t  come from i f  the re  were 
n o t  a n e t  surface i o n i z a t i o n  r a t e  i .e. ,  a departure from d e t a i l  
balance? Such a departure i s  necssary, t he re fo re ,  f o r  t he  a t -  
ta inment o f  o rd ina ry  s teady-state cond i t i ons .  
I n  t h i s  sect ion,  the e q u i l i b r i u m  s i t u a t i o n  (no i o n  c u r r e n t )  
w i l l  be examined; here d e t a i l e d  balance must occur a t  some po in t ,  
l ead ing  t o  an e f f e c t i v e  " te rm ina t ion "  o f  i o n i z a t i o n .  
It would be des i rab le,  o f  course, t o  have d e f i n i t e  c r i t e r i a  
a v a i l a b l e  f o r  when d e t a i l e d  balance must occur, b u t  these do n o t  
p r e s e n t l y  e x i s t .  
d ies,  and e s p e c i a l l y  those o f  Boudreaux and C u t l e r 5 ,  i n d i c a t e  
t h a t  n e t  i o n i z a t i o n  w i l l  cease when the valence e l e c t r o n  i s  a t  
approximately the same energy as the  metal fermi  l e v e l .  Most o f  
t h e  surface i o n i z a t i o n  studies r e q u i r e  t h i s  r e s u l t  f o r  any rea- 
sonable correspondence between theo ry  and experiment, and so i t  
w i l l  be assumed t h a t  t he re  i s  some energy cb i n  the neighborhood 
of 
which n e t  i o n i z a t i o n  ceases. The r e s u l t s  o f  Boudreaux and C u t l e r  
i n d i c a t e  t h a t  
t h e i r  f ind ings are t o  correspond w i t h  experiment. 
i t  tu rns  ou t  t h a t  t he  prec ise va ue o f  
ance (see S e c . I I I )  provided t h a t  c F  - 
However, the e x i s t i n g  surface i o n i z a t i o n  s tu -  
(see Fig.2),  t h a t  def ines t h e  valence e l e c t r o n  energy a t  
- Ebj must be very small  ( l e s s  than 0.1 eV) i f  
A t  any ra te ,  
i s  o f  no g r e a t  impor t -  
s 0.5 ev, and so Eb i s  
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shown i n  Fig.2 w i t h  the understanding t h a t  i t  i s  i n  t h e  range 
0 - 0.5 ev below cF. 
consider  then t h e  fo l low ing .  
I n  t h e  l i g h t  o f  t h e  fo rego ing  d iscuss ion,  
Under e q u i l i b r i u m  cond i t ions ,  the  ions,  because o f  t h e i r  sur -  
face m o b i l i t y ,  can be regarded over a t ime i n t e r v a l  as be ing con- 
t i n u o u s l y  d i s t r i b u t e d  over the sur face and a t  an average d is tance 
L from it. 
o f  un i form dens i t y  a t  a d is tance R f rom the  e lec t rode  sur face.  
The adsorbed n e u t r a l  atoms w i l l  l i k e w i s e  appear as a sheet a t  
some d is tance s f rom t h e  surface, b u t  more o r  l e s s  l o c a l i z e d  
about the  l a t t i c e  adsorp t ion  s i t e s .  
i s  o f  no r e a l  importance f o r  t h e  present  c a l c u l a t i o n .  
Hence they can be adequately represented by a sheet 
Th is  l o c a l i z a t i o n ,  however, 
A quest ion which a r i s e s  i s  whether the mean d is tance R o f  t h e  
ions  i s  g rea te r  o r  l e s s  than t h e  mean d is tance s o f  t h e  neu t ra l  
atoms. Th is  i s  n o t  e a s i l y  answered a t  the  present  t ime because 
o f  t h e  scant  knowledge o f  the p o t e n t i a l s  i nvo l ved  a t  small  d i s t -  
ances from the  e lec t rode.  For tunate ly ,  t h e  choice o f  one o r  t h e  
o the r  of t h e  two p o s s i b i l i t i e s  leads on ly  t o  minor  numerical  mo- 
d i f i c a t i o n s  and does n o t  enter  i n t o  t h e  essence o f  t h e  ca l cu la -  
t i o n .  The choice R < s w i l l  be made as t h e  more l i k e l y ,  l ead ing  
t o  a p o t e n t i a l  energy diagram f o r  an adsorbed n e u t r a l  atom as i n  
Fig.2. 
p o t e n t i a l  energy o f  t h e  valence e l e c t r o n  i n  t h e  absence o f  t h e  
i o n  sheet. 
The same convent ion i s  used as f o r  Fig.1. Curve A i s  t h e  
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Fig.2. P o t e n t i a l  energy of valence e l e c t r o n  
i n  presence o f  i o n  sheet. 
Curve B i s  t he  p o t e n t i a l  energy c o n t r i b u t i o n  due t o  the  i o n  sheet 
o f  number dens i t y  a; i t  i s  given i n  MKS u n i t s  by -oe2x/Eo f o r  
x 5 II and has the constant  value -ae2R/E0 f o r  x 2 R .  Th is  o f  
course i s  n o t  r e a l i s t i c ;  because o f  the i o n s '  mot ion i n  t h e i r  own 
w e l l ,  t he  p o t e n t i a l  energy w i l l  a c t u a l l y  drop o f f  more o r  l e s s  
s low ly ,  depending on the ion  temperature. However, t h i s  i n t r o -  
duces no impor tant  changes i n  t h e  c a l c u l a t i o n .  
represents the  p o t e n t i a l  energy due t o  A and B. 
F i n a l l y ,  curve C 
Because o f  the 
ion sheet, the valence l e v e l  i s  again s h i f t e d ;  i t  i s  denoted by 
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-W! and i s  ncw measured from the new reference V i  = ae2k/E0. The 
energy A E  i s  t h a t  o f  t h e  valence e l e c t r o n  above the  l e v e l  E ~ ,  
mentioned e a r l i e r ,  t h a t  defines the  reference valence l e v e l  a t  
which n e t  i o n i z a t i o n  ceases. 
I t i s  c l e a r  from Fig.2 t h a t  i f  n e t  i o n i z a t i o n  requ i res  A E > O ,  
then d e t a i l e d  balance must occur when ae2k/E0 + W! = 4 + cF - Eb, 
whence 
gives the  e q u i l i b r i u m  i o n  number dens i t y .  As an i l l u s t r a t i o n  of 
Eq. (1) , the  case o f  cesium on tungsten may be considered. There 
i s  a s l i g h t  d i f f i c u l t y  i n  t h a t  t he  value o f  W! has n o t  been c a l -  
culated. However, f o r  i l l u s t r a t i o n a l  purposes, t he  value o f  WC, 
(3.6 ev) c a l c u l a t e d  by Gadzuk may be used. The r e s u l t  w i l l  n o t  
be a f f e c t e d  by very much (see Sec.VI1). 
ev; us ng 9, = 4 A and L. 
from Eq ( 1 ) .  
cm-2 as a monolayer o f  neu t ra l  cesium on tungsten, t h i s  i s  about 
2.8% o f  a monolayer (though the t e r m  does n o t  apply  f o r  ions;  i t  
i s  used on ly  f o r  comparison purposes). 
For tungsten, 4 = 4.6 
u = 1 . 3 8 ~ 1 0 ~ ~  cm-2 i s  obtained 
I n  terms o f  Langmuir's determinat ion o f  4 . 8 ~ 1 0 ~ ~  
0 
'F , 
I n  the  above, the e f f e c t  o f  thermal i o n  emission over the  
b a r r i e r  t o p  has been neglected; f o r  zero a p p l i e d  f i e l d ,  t he  i o n  
p o t e n t i a l  b a r r i e r  i s  i n f i n i t e ,  so t h a t  o n l y  ions w i t h  W > 0 can 
c o n t r i b u t e  t o  t h e  cu r ren t .  However, t he  number o f  i ons  w i t h  
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W > 0 will be negligibly small a t  ordinary temperatures re la t ive  
t o  those w i t h  W < 0. Hence they need n o t  be considered. 
A fortunate consequence of E q . ( l )  i s  t ha t  the mean spacing 
between ions (on the order of cm) will be a good deal larger  
t h a n  the average distance of the ions from the surface. 
of t h i s ,  i t  will be possible when considering ion tunnelling in 
Sec.V t o  include only the image and applied f i e l d s ,  with ion-ion 
interactions as  small and for the present time negligible.  
over, as current i s  drawn from the ion reservoir on the surface,  
the steady-state ion surface density decreases from the equi l i -  
brium value. 
of the resu l t s  of Secs.111 and VI; 
t i e s ,  u i s  well below 1013 cm-2. 
Because 
More- 
The steady-state value of o can be computed by use 
for ord inary  emission densi- 
111. STEADY STATE I O N  DENSITY WITH CURRENT BEING DRAWN 
With an app l i ed  e l e c t r i c  f i e l d ,  two e f f e c t s  w i l l  occur: 
(a )  The a p p l i e d  f i e l d  fu r the r  mod i f i es  the  p o t e n t i a l  energy 
scheme o f  Fig.2 f o r  t he  valence e l e c t r o n  o f  the n e u t r a l  atom. 
(b )  The p o t e n t i a l  energy w e l l  o f  whatever ions may be pres- 
ent,  which binds them t o  t h e  surface, i s  a l s o  mod i f i ed  and an i o n  
c u r r e n t  w i l l  be drawn from the sur face i o n  supply produced by the 
sur face i o n i z a t i o n  process. 
The e f f e c t  ( b )  w i l l  be considered l a t e r  i n  connect ion w i t h  
the  emission cu r ren t .  
t e n t i a l  energy VF = eEx t o  the valence e l e c t r o n  p o t e n t i a l  energy, 
Fig.2. An a d d i t i o n a l  l e v e l  s h i f t  f o r  t he  valence e l e c t r o n  i s  t o  
be expected; t h e  new l e v e l  w i l l  be denoted - W l ' .  
t e n t i a l  energy diagram, Fig.3, shows t h e  p o t e n t i a l  energy due t o  
a l l  t he  sources discussed. 
The e f f e c t  o f  (a)  i s  t o  c o n t r i b u t e  a po- 
A s i m p l i f i e d  po- 
x = o  x = s  
Metal I I 
Fig.3. Mod i f i ed  valence e l e c t r o n  p o t e n t i a l  energy. 
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The energy A E  o f  the valence e l e c t r o n  above the reference 
l e v e l  Eb can be expressed i n  terms o f  t h e  mean q u a n t i t i e s  R and 
s by 
where R, s, are t h e  mean i o n  and n e u t r a l  atom p o s i t i o n s ,  respect-  
i v e l y .  I f  now the  t r a n s i t i o n  r a t e  W(AE)  f o r  n e u t r a l  -+ i o n  on the 
sur face i s  known as a f u n c t i o n  o f  AE, and i f  the  adsorbed n e u t r a l  
atom dens i t y  i s  ao, then i n  the steady s t a t e  w i t h  a c u r r e n t  den- 
s i t y  j being drawn, i t  i s  necessary t h a t  
j = eaow(aE). ( 3 )  
Equation ( 3 )  i s  genera l l y  v a l i d  i f  a. i s  t h e  s teady-state value 
o f  t he  adsorbed n e u t r a l  atom densi ty .  However, i t  w i l l  be seen 
l a t e r  (Sec.VI) t h a t  j i s  very small  under p r a c t i c a l l y  a l l  condi-  
t i o n s ,  so t h a t  a0 w i l l  usua l l y  n o t  d i f f e r  s i g n i f i c a n t l y  from i t s  
e q u i l i b r i u m  value a t  j = 0. Thus aO w i l l  be considered as known 
from an approp r ia te  adsorpt ion isotherm and t r e a t e d  as constant  
over the  range of j which i s  o f  i n t e r e s t  here. 
An expression f o r  t he  t r a n s i t i o n  r a t e  W ( A E )  which i s  comple- 
t e l y  s a t i s f a c t o r y  i s  n o t  y e t  a v a i l a b l e .  
and C u t l e r 4 s 5  appears t o  be reasonably derived, b u t  the necessary 
c u t - o f f  i n  i o n i z a t i o n  a t  A E  = 0 does n o t  appear e x p l i c i t l y  i n  
t h e i r  r a t e  equat ion,  as i t  a c t u a l l y  should. Presumably, what 
The r e s u l t  o f  Boudreaux 
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they have done i s  t o  i nc lude  a c u t o f f  a t  t h e  f e m i  l e v e l  as an 
ad hoc addendum t o  t h e i r  c a l c u l a t i o n ,  b u t  they do n o t  e labo ra te  
on t h i s  important p o i n t .  A l s o ,  they a re  concerned main ly  w i t h  
r a t h e r  than ad- 
d be in t roduced 
a n e u t r a l  atom approaching 
sorbed thereon. No s i g r l i f  
by t h i s  d e t a i l ,  however. 
the e lec t rode  surface, 
cant m o d i f i c a t i o n  shou 
Gadzuk's c a l c u l a t i o n 6  i s  framed i n  the  same way as those o f  
Boudreaux and Cu t le r ,  except t h a t  he considers the n e u t r a l  atom 
as adsorbed on the e lec t rode  sur face.  
some u n c e r t a i n t i e s  about the d e t a i l s  o f  h i s  d e r i v a t i o n .  
o the r  th ings,  h i s  r e s u l t  i s  i n c r e d i b l y  h igh:  
t r a n s i t i o n  r a t e  o f  about 1015 sec'l i s  obtained. Thus even w i t h  
t h e  i n c l u s i o n  o f  a c u t o f f  f unc t i on  f o r  energies c lose  t o  t h e  
fermi  l e v e l ,  t h e  r e s u l t i n g  r a t e  would r e q u i r e  enormous cu r ren ts  
(see Eq.(3)) f o r  steady-state.  
t he  energet ics  i nvo l ved  when t h e  n e u t r a l  atom t r a n s i t s ,  as out -  
l i n e d  i n  Sec.11, from the  adsorpt ion p o t e n t i a l  j u s t  p r i o r  t o  i o n -  
i z a t i o n  t o  the  image p o t e n t i a l  j u s t  a f t e r .  
There a re  u n f o r t u n a t e l y  
Among 
For A E  = 1 ev, a 
Furthermore, he does n o t  cons ider  
I n  v i e w  o f  the unce r ta in t y  here f e l t  about the  publ ished 
r a t e  expressions, t he  theory o f  sur face i o n i z a t i o n  u t l i z e d  by 
t h e  above i n v e s t i g a t o r s  w i l l  be b r i e f l y  presented, and then an 
expression f o r  t he  i o n i z a t i o n  r a t e  usable here w i l l  be discussed. 
E s s e n t i a l l y ,  t h i s  w i l l  mean represent ing t h e  t r a n s i t i o n  r a t e  by 
a f i r s t  order  approximation i n  A E .  
17 
t 
T y p i ~ a l l y ~ , ~ , ~ ,  t h e  i o n i z a t i o n  r a t e  i s  g iven t o  f i r s t  order  
by 
where E: = Eb + A E  = E f i 
above the bottom o f  t he  metal conduct ion band. 
s i t y  o f  f i n a l  e l e c t r o n  s tates and i s  g iven by N(cf) = c o n s t x s ;  
V 
ces).  The s ta tes  Jli, if are the i n i t i a l  and f i n a l  e l e c t r o n  s t a -  
tes,  r e s p e c t i v e l y ,  and i( i f /Vp/Jl i  > I 2  i s  the m a t r i x  element f o r  
t he  t r a n s i t i o n .  Denoting the m a t r i x  element and constants ap- 
pear ing i n  Eq.(4)  by A ' ,  one can w r i t e  w(AE) = A'(Eb + ~ E ) 1 / 2 .  
But by the  d e f i n i t i o n  o f  E ~ ,  i t  i s  necessary t h a t  w(0) = 0, and 
so the fac to r  A '  must have an expansion o f  t h e  form 
i s  t h e  energy o f  the valence e l e c t r o n  
N ( E ~ )  i s  t he  den- 
i s  the pe r tu rb ing  p o t e n t i a l  (considered as due t o  surface fo r -  
P 
where, f o r  A E  small  enough, A '  = A " A E  t o  s u f f i c i e n t  accuracy. I t  
w i l l  be assumed here, and t h i s  i s  supported i n  Sec.VI1, t h a t  t h i s  
small  AE approximation w i l l  be s u f f i c i e n t l y  accurate f o r  present 
purposes. Thus, i n  t h i s  approximation, 
As w i l l  be seen l a t e r ,  t h e  v a r i a t i o n  i n  A E  over the range o f  i n -  
t e r e s t  i s  such t h a t  A E  << E * t h i s  i s  because Eb = 5 ev, w h i l e  
b '  
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while A E ,  f o r  normal currents, i s  always less  t h a n  a few tenths 
of an electron volts.  
w = A A E  resu l t s .  
A E  = 1 ev, A = sec-I joule-' i s  obtained. I n  Sec.VI, i t  
will be seen t h a t  over the most interest ing emission current 
range, j i s  irrsensitive t o  variation in the value of A over many 
orders of magnitude. T h u s  there i s  considerable la t i tude  avai l -  
able in the choice o f  A ,  and reasonable resul ts  may be expected 
from the use of Eq.(G) below as a representation for  W ( A E )  unless 
the assurned l inear i ty  i n  A E  i s  too f a r  o f f .  
has been chosen here i s  considered, on the basis of Gadzuk ' s  work, 
t o  be a reasonable lower bound; should the true value be la rger ,  
and t h i s  seems l ike ly ,  then the approximation i s  improved thereby. 
Hence ( E ~  + A E )  i s  sensibly constant, and 
With a f i t t i n g  such t h a t  w 2 lo6 set" fo r  
The value of A t h a t  
Finally,  then 
~ ( A E )  = A A E  = 1 0 2 ~ ~ ~  joule-'  sec-1 ( 6 )  
will be used, with A E  in joules.  
Equations ( 2 )  a n d  ( 6 )  i n  ( 3 )  give 
j = AeaOhE = Aeao[$ + ( E ~  - Eb) - wS' -ae2t/E0 +eEs], 
whence the ion surface density a t  steady-state i s  
I V .  THE ION SUPPLY FUNCTION 
c 
The ions produced on the e lec t rode  sur face by t h e  sur face  
i o n i z a t i o n  process w i l l  be bound t h e r e t o  by a combination image 
and van der Waals w e l l  o f  form s i m i l a r  t o  t h e  dashed curve shown 
i n  Fig.4. 
energy f o r  x smal l ,  a sharp c u t - o f f  a t  x = x o  = 4A w i l l  be as- 
Due t o  t h e  l a c k  o f  a f i r m  knowledge o f  t h e  p o t e n t i a l  
0 
sumed. The sharp c u t - o f f  i s  j u s t i f  
1 arge repu l  s i  v e l  fo rces  t h a t  come 
0 
ab le  because o f  the  very 
n t o  p l a y  f o r  smal l  x. The 
value x o  = 4A i s  taken from adsorpt ion d a t a l 1  and should be rea- 
sonably accurate. 
ed s u b s t a n t i a l l y  d i f f e r e n t  values f o r  x o ,  t h i s  va lue w i l l  be ad- 
While o ther  measurement techniques have y i e l d -  
opted as probably  the  most r e l i a b l e  f o r  use here. 
Fig.  4. Ion  p o t e n t i a l  w e l l .  
The a p p l i c a t i o n  o f  an e l e c t r i c  f i e l d  E d i r e c t e d  a long t h e  
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here; t h a t  
j = s  
where Wo = 
p o s i t i v e  x - d i r e c t i o n  w i l l  lead t o  two emission processes: 
( a )  By lower ing t h e  b a r r i e r  maximum o f  Fig.4, an enhanced 
thermal emission w i l l  occur. 
(b)  For ions w i t h  energies below W,, emission takes p lace 
by way o f  a t u n n e l l i n g  e f f e c t .  
process. 
This  i s  a s t r i c t l y  f i e l d  emission 
The i o n  emission densi ty  due t o  (a )  w i l l  n o t  be considered 
due t o  (b )  i s  given by 
Wm 
N (W( w 1 dW , 
WO 
energy a t  bottom o f  p o t e n t i a l  w e l l ,  T(W) = t ransmis- 
s i o n  c o e f f i c i e n t ,  N(W) = supply f u n c t i o n  = number o f  i ons  s t r i k -  
i n g  b a r r i e r  from l e f t  per  u n i t  t ime pe r  u n i t  area pe r  u n i t  energy 
i n t e r v a l ,  and q i s  the i o n  charge. 
w i l l  be considered, so t h a t  q = e. 
N(W) can be found provided: (1)  the i ons  remain e s s e n t i a l l y  
Only s i n g l y  i o n i z e d  atoms 
i n  e q u i l i b r i u m  w i t h  emission t a k i n g  place, and ( 2 )  t he  i o n  s t a t i -  
s t i c s  a re  known. The assumption o f  e q u i l i b r i u m  used i n  t h i s  sec- 
t i o n  w i l l  be supported by the r e s u l t s  o f  Sec.VI, where the emit-  
t e d  c u r r e n t  dens i t y  i s  seen t o  be much smal ler  than the  random 
c u r r e n t  densi ty .  
t h e  surface dens i t y  i s  d i l u t e ,  Boltzmann s t a t i s t i c s  apply r i g o r -  
ous ly  f o r  a system o f  e i t h e r  bosons o r  fermions. 
Because o f  t h e  l a r g e  i o n  mass, and a l s o  because 
For example, 
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a system of fermions w i t h  u = 1013 
o f  about 0.01"K. 
has a fermi  temperature 
I n  t h i s  sect ion,  N(W)dW w i l l  be found. The nex t  s e c t i o n  
w i l l  deal w i t h  the  t ransmission c o e f f i c i e n t  T(W). These are then 
assembled i n  Sec.VI according t o  Eq.(8) t o  g i v e  an expression f o r  
t he  emission c u r r e n t  j. 
I n  order  t o  o b t a i n  N(W)dW, t he  i ons  w i l l  be considered as: 
1. a th ree  dimensional gas as f a r  as the  energet ics  are con- 
cerned. There are two degrees o f  freedom along the  sur face and 
a v i b r a t i o n a l  degree o f  freedom along the normal t o  the  surface. 
E q u i p a r t i t i o n  o f  energy i s  assumed t o  hold.  
2. descr ibable by a densi ty  p ( x )  = Kexp[-~V(x)] ,  where B i s  
The dimensions o f  p (x )  a re  i ons  per  u n i t  area per  u n i t  x- 
While a r i g o r o u s l y  v a l i d  expression would be g i ven  by 
l / kT .  
i n t e r v a l .  
p ( x )  = K c l ~ l ~ ( x )  I2exp(-6Wn), where the  Jln a re  the  energy eigen- 
func t i ons  f o r  t he  ions i n  the p o t e n t i a l  w e l l ,  t he  proposed ex- 
press ion should be reasonably v a l i d  a t  t he  temperatures normal ly  
encountered i n  cesium discharges. 
The q u a n t i t y  K i n  ~ ( x )  i s  a no rma l i za t i on  f a c t o r  such t h a t  
K J z p ( x ) d x  = U. 
as being e s s e n t i a l l y  l o c a l i z e d  i n  xo  s x i Xm (see Fig.4).  
K i s  g iven by 
That i s ,  t h e  i ons  compris ing u are considered 
Thus 
K = a / ~ $ e x p [ - ~ V ( x ) ] d x .  (9) 
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It was n o t  found p o s s i b l e  t o  evaluate the  i n t e g r a l  appearing i n  
Eq.(9), so t h a t  a computer s o l u t i o n  had t o  be reso r ted  t o .  
i n t e g r a l  i s  parametr ic  i n  T and the  f i e l d  E, which en te rs  v i a  the  
p o t e n t i a l  V(x); i t  w i l l  henceforth be denoted by L(E,T). The i o n  
dens i t y  f u n c t i o n  can thus be w r i t t e n  
This 
w i t h  the expression L c a r r i e d  symbo l i ca l l y  f o r  now. 
s o l u t i o n  w i l l  be incorporated i n t o  the  emission equat ion i n  Sec- 
t i o n  V I .  
The computer 
Consider now the p a r t i c l e  c u r r e n t  dens i t y  i n c i d e n t  on the  
b a r r i e r  of Fig.4 from the l e f t .  
i n  the  momentum i n t e r v a l  dp, i s  
The c o n t r i b u t i o n  from ions  w i t h -  
s ince  t h e  i ons  are f r e e  i n  the d i r e c t i o n s  along t h e  surface. 
Because the t ransmiss ion c o e f f i c i e n t  (Sec.V) must be expressed 
i n  terms o f  t he  energy o f  the tunnel  1 i n g  i o n  , Eq. ( 1  1 ) must be 
r e w r i t t e n  i n  terms of t he  ion  energy. 
t i o n a l  s t a t e s  i s  W = p$/Zm + V(x). 
i n  xo I x I Xm, 
The energy of t he  v i b r a -  
For some a r b i t r a r y  f i x e d  x 
i s  obtained. Hence E q . ( l l )  becomes, i n  terms o f  the energy, 
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N ( px ) d pX = P ( x ) w e x p l :  -BP;/ 2ml dW 
= ( a / L ) G e x p ( - B W ) d W  = N(W)dW. 
d below 
assumed 
I t  i s  convenient a t  t h i s  point t o  obtain the f i e  
which an ion potential barrier will ex i s t .  With the 
sharp cut-off in V ( x ) ,  the barr ier  i s  completely col apsed when 
3 . O  
Xm = X O ;  se t t ing  V ' (X)  = 0 ,  one obtains Xm = ( e / l 6 ~ ~ ~ E ) *  = 4A. 
Hence denoting the collapsing f i e l d  by E m ,  i t  i s  found t h a t  
Em = 2 . 2 5 ~ 1 0 ~  v/m. 
The r e l i a b i l i t y  o f  t h i s  value i s  of course dependent on the re- 
l i a b i l i t y  of the assumed xo=  4A, as well as on the val idi ty  of 
0 
the sharp cut-off assumption. T h a t  a bar r ie r  collapse does in- 
deed take place i s  quite evident from Field Ion Microscope 
studies1.  
While 0 5 E 5 2 . 2 5 ~ 1 0 9  v/m defines the f i e l d  range over which 
a tunnelling process i s  relevant, a much more interest ing range, 
fo r  present purposes, i s  0 s E I 5x107 v/m (obtainable from Figs. 
7 and 8 ) .  
i s  insensit ive t o  the detai ls  of the ionization r a t e ,  so t h a t  re- 
Over the l a t t e r  range, the emission current density 
l i ab l e  resu l t s  can be expected therein.  Moreover, f i e lds  higher 
than  5 ~ 1 0 ~  v / m  are n o t  l ikely t o  be found in the anode region of 
discharge-produced plasmas. 
follows will be res t r ic ted  t o  E I 5 ~ 1 0 ~  v/m; the r e s t r i c t ion ,  
For these reasons, much of w h a t  
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whenever imposed, w i l l  be pointed o u t  i n  the tex t .  
the anode f i e lds  normally encountered, i t  i s  reasonable t o  s t a t e  
t h a t  the reduced range o f  E does not real ly  amount t o  a r e s t r i c t -  
ion o f  any significance. 
I n  view of  
V.  THE TRANSMISSION COEFFICIENT 
The t r a n s m i s s i v i t y  o f  the b a r r i e r  i s  obtained by a m o d i f i e d  
WKB method12,13 which has been shown t o  be v a l i d  f o r  a l l  energies 
o f  t he  i n c i d e n t  p a r t i c l e ,  i n c l u d i n g  those over the  b a r r i e r  top. 
The same f u n c t i o n a l  expression r e s u l t s  f o r  T(W) as i s  obta ined by 
the usual WKB method, b u t  the method o f  d e r i v a t i o n  extends i t s  
v a l i d i t y  t o  a l l  energies.  
The t r a n s m i s s i v i t y  i s  given12,13 by 
where 
and XI, x2, are as shown i n  Fig.5. 
Eq. (1  5) becomes 
With V(x) = - e 2 / 1 6 ~ ~ 0 x  - eEx, 
Q ( W )  = (2/h)jX2[-Ztn(e2/16Tcox + eEx + W)I4dx. (16) 
X 1  
The above va r iab les  may be r e f e r r e d  t o  the p o t e n t i a l  energy d ia -  
gram o f  Fig.5. 
considered here, so t h a t  t h e  q u a n t i t y  i n s i d e  t h e  square brackets  
o f  Eq.(16) i s  always L 0. 
t e d  t o  t h e  energy o f  t h e  t u n n e l l i n g  ion.  
-(W/2eE)(l - ) ,  x2  = -(W/2eE)(1 + 
Only those values o f  W i n  W o  s W 5 Wm w i l l  be 
The values o f  x1 and x2 may be r e l a -  
They are g iven by x1 = 
), where G i s  
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a(E) = BE-1/4, \ 
B = 4% a3/4/3fie, 
a = e3/4rco, 
y = -JaT/w, 
v(y )  = (1 /42)(1 + G 2 ) 1 / 2 [ F ( k )  - ( 1  - m ) K ( k ) ] ,  
k2 = 2( 1-y2) l l 2 / (  1 + m) ,
given by G = e3E/4rcoW2. 
and x2 are  always r e a l  and pos i t i ve .  
Since W < 0, and G ,< 1 (see Fig.5),  x1 
The i n t e g r a l  i n  Eq. (16)  has been evaluated’  e x a c t l y  and i s  
g iven  by  
’ (18) 
where 
F(k )  = I:/’[l - k2s in2+ ]1 /2d~  
1 K ( k )  = !:/’[l - k2sin2+]-1/2d+ 
and y ranges over 0 s y 5 1, corresponding t o  Wm 
i s  t h e  energy a t  t h e  top  o f  the p o t e n t i a l  energy b a r r i e r  and i s  
g iven  by Wm = -[e3E/4nso] 1/2. 
-- < W I Wm. 
By use Eqs. (12), (14),  and (17), one can w r i t e  Eq.(8) as 
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V , W '  
w -- 
W O  
exp( - W)dW j =   eo/^) (8/2mn)1/2 
where y, v (y )  a re  as g iven by Eqs.( l8) .  
X 1  x2 v = o  
- X  
- -- 
Fig. 5. I o n  p o t e n t i a l  w e l l  w i t h  d e t a i l s  
r e l e v a n t  t o  t u n n e l l i n g .  
A glance a t  (18) f o r  v(y)  shows t h a t  t o  o b t a i n  an exact  
value o f  (19) i s  probably hopeless; t he re fo re ,  an approximat ing 
expression f o r  T(W) must be found. 
Before proceeding, no te  t h a t  Eq. (19) i s  w r i t t e n  i n  a h y b r i d  
form f o r  now because i t  i s  easier t o  o b t a i n  an approximation f o r  
T(W) i n  terms o f  t h e  q u a n t i t i e s  de f i ned  i n  Eqs. ( l8) .  
(19) can be re-expressed s o l e l y  i n  terms o f  W once a reasonable 
approximat ion i s  obtained. 
Equation 
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The v a r i a b l e  y, as already noted,ranges over  0 I y I 1, cor-  
responding t o  -- < W 6 W,. 
does n o t  correspond t o  the  physical  s i t u a t i o n  represented by the  
p o t e n t i a l  energy curve o f  Fig.5, f o r  t he re  the lower  l i m i t  W o  i s  
some f i n i t e  q u a n t i t y .  
n i f i c a n t  e r r o r  r e s u l t s  from the s u b s t i t u t i o n  W o  + -- a t  t h e  low- 
e r  l i m i t .  
It can be seen t h a t  t h i s  range o f  W 
However, i t  i s  shown i n  Sec.6 t h a t  no s i g -  
The d e t a i l s  o f  t he  approximation o f  Eq.( l?)  and T(W) appear 
i n  the Appendix. The r e s u l t  obtained the re  i s  
w i t h  y(E) = ..(E)/&. 
(14) f o r  W << Wm, t he  i n t e g r a l  (8 )  w i l l  be i n  e r r o r  by no more 
than a few percent  because o f  t h e  very r a p i d  d r o p - o f f  i n  the 
value o f  t he  i n teg rand  as W decreases. 
be found i n  t h e  Appendix. 
While (20) can d i f f e r  apprec iab ly  from 
A f u l l e r  d iscuss ion may 
V I .  THE EMISSION CURRENT 
By use o f  the expressions (12) and (20)  i n  Eq.(8), one ob- 
t a i n s  f o r  the emission cu r ren t  
B 4 Wme-BweY( l  - w/wmIdw j=zzii e‘[ I i,, 
where 5 = Wo/Wm > 1. 
assumption t h a t  t he  energy l e v e l s  o f  the ions i n  the p o t e n t i a l  
w e l l  form a cont iuous spectrum. This  i s  a good approximation 
because the i ons  are very massive. A rough c a l c u l a t i o n  based on 
adsorpt ion da ta l1  g ives a l e v e l  spacing o f  about 0.002 ev a t  t he  
bottom o f  t he  w e l l  and much smal ler  spacing above the  neighbor- 
hood o f  t he  bottom. 
by the  f i n i t e  t u n n e l l i n g  l i f e t i m e  i s  a t  l e a s t  severa l  t imes the  
l e v e l  spacing, so t h a t  a t r u e  continuum r e s u l t s  near the  b a r r i e r  
top; s ince on ly  t h e  topmost l e v e l s  are r e l e v a n t  t o  i o n  emission 
(see imnediate ly  below), the continuous spectrum assumption can 
be considered t o  be r i g o r o u s l y  v a l i d .  
I m p l i c i t  i n  t he  eva lua t i on  o f  (21) i s  t he  
Moreover, t he  broadening o f  the upper l e v e l s  
Equation (21) can be cleaned up considerably  f o r  t he  f o l l o w -  
The maximum f i e l d  r e l e v a n t  t o  a t u n n e l l i n g  process i n g  reasons: 
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i s  Em = 2.25~109 v/m, and since the expression 
y - @a= 8.70x105E-’ - 0.434T-IE’ 
i s  a decreasing function of E, i t  takes on i t s  minimum value a t  
E = E,. Choosing T = 100°K as an extreme possibi l i ty , there  re- 
sul t s  
I n  actual application t o  the case of a cesium discharge, where T 
i s  usually in the range 400-60OoK, the lower bound of (23) will 
be somewhat larger ,  b u t  not by very much because the f i r s t  term 
dominates. 
Using (23),  one obtains the r a t io  of the second term t o  the 
f i r s t  i n  the brackets of Eq. (21)  as 
-3788(< - 1 )  R s e  
T h u s  the second term i s  negligible i f  5 > -1.002. 
discuss the re la t ive  magnitudes of the terms in Eq. (21)  on a 
quant i ta t ive basis,  and a lso t o  prove the claims made i n  Sec.4 
and in the Appendix about the  negl ig ib i l i ty  o f  a l l  contributions 
except those from near the barr ier  top, the integral  ( 2 1 )  will 
be considered over regions R , ,  R2, R 3  defined by 




0.995 I y 2 1.000 
0.990 I y 5 0.995 
R3:  0 5 y 0.990 
The v a r i a b l e  y i s  Wm/W as defined i n  Eqs. (18) .  Thus j = cr = 
- w3 + rwf t 12, where W 2  = W(y = 0.995), W 3  = 
JR, + 41 + JR, - Lo w3 
W(y = 0.990); 
l . O I O W m .  
us ing  W = Wm/y, one ob ta ins  W 2  = 1.O05Wm, W 3  = 
The emission over R1 i s  then 
1, - 1 . 0 0 5 r  j (R1 )  = A(E,B)[eWr - e 
where r = y - BW, L 3788. 
f i r s t ,  so t h a t  j (R1)  = A(E,f3)e-r. 
j (R2 )  = A(E,B)e 
F i n a l l y ,  s ince  j ( R 3 )  i s  a t  most 102 j (R2)  (see Appendix), both 
j (R2) ,  j (R3)  can be completely neglected r e l a t i v e  t o  j ( R 1 ) .  
Therefore the  va lue o f  Eq.(21) i s  e s s e n t i a l l y  t h a t  g iven  by eva l -  
The second term i s  --10-8-2 times the  
S i m i l a r l y ,  over  t h e  reg ion  RP, 
- 1 . 0 0 5 r  . Thus j (R2) / j (R1)  = e -0 .0  0 5 r  =. 10-8.2 
u a t i o n  a t  t he  upper l i m i t  only:  
The n e g l i g i b i l t y  o f  t he  con t r i bu t i ons  from a l l  l e v e l s  except 
For i f  t h i s  were those near the  b a r r i e r  t op  i s  q u i t e  fo r tuna te .  
n o t  so, i t  would n o t  be poss ib le  t o  s k i r t  t he  present  l a c k  o f  
knowledge of t he  p o t e n t i a l  near the  bottom o f  t h e  w e l l .  That the  
c o n t r i b u t i o n s  from a l l  W 5 W,, can be neglected i s  a consequence 
o f  t he  l a r g e  i o n i c  mass (see Appendix). 
As mentioned i n  Sec.IV, L(E,T) could n o t  be obta ined ana- 
l y t i c a l l y .  
s i t y  pe r  u n i t  i o n  surface density, a re  shown i n  Fig.6. 
p l o t s  are parametr ic  i n  T. 
r ,  i t  was necessary t o  use a l o g - l o g  p l o t .  
show r = 0 a t  E = 0, b u t  t h i s  i s  e a s i l y  seen t o  be the  case by 
examination o f  Eq. (26),  where bo th  1/L and the  o t h e r  f a c t o r  i n  E 
go t o  zero as E -f 0. 
For t h i s  reason, p l o t s  o f  j / a  = r ,  t he  emission den- 
These 
Because o f  t h e  l a r g e  range o f  E and 
Hence Fig.6 does n o t  
t 1 
104 105 106 107 108 109 
E (v/m> 
Fig.6. P l o t s  o f  r as a f u n c t i o n  o f  E f o r  var ious T.  
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By use o f  Eq.(7) f o r  a, i t  i s  poss ib le  t o  express the  c u r r e n t  
dens i t y  i n  terms o f  fundamental constants and p e r t i n e n t  parame- 
t e r s .  Thus 
whence 
j =  Aeuo(u + eEs)gr 
Aeao + g r  ' 
0 
w i t h  g = Eo/e2& = 8 . 6 4 ~ 1 0 ~ ~  V2 jou1es - l  f o r  a = 4A (Sec. 11).  
The parameters appearing i n  Eq.(28) are  u = 4 + EF - Eb - W E ' ,  
00, and the  temperature, which en te rs  v i a  r(E,T). 
a v a i l a b l e  i n  a n a l y t i c  f o n ,  Eq.(28) i s  p l o t t e d  i n  Figs. 7-13 f o r  
var ious values o f  the parameters. Because Eq.(28) i s  a th ree  pa- 
rameter fam i l y ,  a l a r g e  number o f  p l o t s  would be r e q u i r e d  t o  g i v e  
a r e l a t i v e l y  complete idea o f  i t s  behavior;  Figs.  7-13 have been 
chosen as e x h i b i t i n g  t h e  s a l i e n t  f ea tu res  o f  t h i s  behavior.  
Since r i s  n o t  
I n  explanat ion,  Figs.  7 and 8 are t y p i c a l  o f  t he  e f f e c t  on j 
o f  a v a r i a t i o n  i n  the adsorbed n e u t r a l  atom d e n s i t y  ao, per - se.
(The e f f e c t  of u0 on v w i l l  be discussed l a t e r ) .  
t h a t  j i s  almost completely independent o f  a0 f o r  E s 2.25x107v/m. 
I t can be seen 
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For f i e l d s  E 5 3 ~ 1 0 ~  v/m, on the  o t h e r  hand, j becomes approx i -  
mately a l i n e a r  f u n c t i o n  o f  E and ao. 
t r u e ,  r a t h e r  than p e c u l i a r  t o  these two p l o t s ,  can be seen from 
Eq.(28). Clear l y ,  when g r  << Aeao, j = ( p  + eEs)gr r e s u l t s ,  
which i s  independent of a0 (and o f  A); t h i s  corresponds t o  the  
lower f i e l d  range (see Fig.6 f o r  r ) .  
g r  >> Aeao, j = Aeao(p + eEs),which i s  l i n e a r  i n  E and ao. Note 
t h a t  s ince the t r a n s i t i o n  r a t e  constant  A enters  i n t o  Eq.(28) i n  
e x a c t l y  t he  same way as a0, the same remarks apply t o  A as t o  a0. 
Therefore, i n  the  reg ion  g r  << Aeao, which i s  t h e  most i n t e r e s t -  
i n g  f o r  present  purposes, an e r r o r  i n  A o f  a few orders o f  magni- 
tude w i l l  have no s i g n i f i c a n t  e f f e c t  on j. 
That t h i s  i s  genera l l y  
With r l a r g e  enough so t h a t  
Next, Figs.  9 and 10 i n d i c a t e  t h e  behavior o f  j w i t h  T. The 
value a. = 1 0 l 8  m m 2  was chosen as approximating r e a l  cond i t i ons .  
The very low values o f  1-( were used because i n  most cases, 1-( = 0 
f o r  a discharge (see Sec.VI1). 
F i n a l l y ,  Figs.  11, 12, and 13 show the  dependence o f  j on p 
The temperatures used are i n  the range o f  i n -  
The reason f o r  cons ider ing p 
when p i s  smal l .  
t e r e s t  o f  most cesium discharges. 
a parameter w i l l  be taken up i n  the  nex t  sect ion.  
It has been po in ted  o u t  by D r .  H.S. Robertson t h a t  t h e  above- 
found independence o f  j on the d e t a i l s  o f  t he  i o n i z a t i o n  r a t e  i s ,  
on phys i ca l  grounds, n o t  su rp r i s ing .  
i o n  process i s  e s s e n t i a l l y  a c u r r e n t  f l o w  through %wo se r ies  
Th is  i s  because the emiss- 
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Fig.9. Dependence o f  j on T for p = 0.01 ev. 
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Fig.11. Dependence o f  j on p for  T = 400 O K .  
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Fig.12. Dependence o f  j on p f o r  T = 500 O K .  
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E ( v / m )  
Fig.13. Dependence of j on fo r  T = 600 OK. 
conductances, an "ionization r a t e  conductance" and a "transmiss- 
ion conductance". 
ionization conductance, which i s  not accurately calculable a t  pre- 
sen t ,  i s  ordinarily so  large compared t o  the transmission conduct- 
ance (which - can be accurately calculated) t h a t  i t  can be consi- 
dered a short  c i r c u i t .  
fo r  small currents,  i s  independent of the d e t a i l s  of the ioniza- 
t ion rate .  This conclusion i s  independent of the functional form 
of W ( A E ) ,  and so i t  lends support t o  the procedure leading t o  
Eq.(28). 
For suff ic ient ly  h igh  ionization ra tes ,  the 
Thus the resu l t  t h a t  the emission current,  
V I I .  THE DEPENDENCE OF THE WORK FUNCTION 
ON THE ADSORPTION FRACTION 
I t  w i l l  now be necessary t o  c l a r i f y  why p has been chosen as 
a parameter, when i t  would seem t o  be a f i x e d  q u a n t i t y  f o r  g iven 
e lec t rode and discharge medium combinations. I n  f a c t  i t  i s  not;  
the  f i nd ings  o f  Tay lo r  and Langmuir2,14 have shown a s t rong de- 
pendence o f  t he  work func t ion  o f  tungsten on the  degree o f  cesium 
coverage on the  surface. 
0 + ( E ~  - Eb) - Wt. 
d i r e c t l y  as i t  appears there,  and a l so  through i t s  e f f e c t  on p .  
If $ depends on ao,  then so w i l l  = 
Thus a. a c t u a l l y  en ters  Eq.(28) i n  two ways: 
It has a l ready been mentioned t h a t  i n  the  c u r r e n t  range o f  i n t e r -  
est ,  a. has very  l i t t l e  e f f e c t  as i t  enters  d i r e c t l y  i n  j ( E ) .  
However, through i t s  e f f e c t  on P, i t  very s t r o n g l y  in f luences  
j ( E ) .  Th is  i s  borne ou t  c l e a r l y  by Figs.  11, 12, and 13. 
The studies2,14 o f  Taylor and Langmuir o f  cesium adsorpt ion 
on tungsten have provided valuable in fo rmat ion  on the  e f f e c t  o f  
adsorbed f r a c t i o n a l  mono1 ayers o f  "neu t ra l "  atoms on the  e l e c t r o n  
work f u n c t i o n  0. Theore t ica l l y ,  the adsorbed f r a c t i o n a l  l a y e r  
i s  considered15 as a po la r i zab le  d i p o l e  sheet which f o r  e l e c t r o -  
p o s i t i v e  atoms such as cesium acts  t o  reduce the  work f u n c t i o n  
from i t s  value f o r  a bare surface. For smal l  f r a c t i o n a l  cover- 
ages (-. 15%), the  experimental r e s u l t s 2  g i v e  a l i n e a r  decrease 
i n  work func t ion  as t h e  f r a c t i o n a l  coverage i s  increased. A de- 
crease i n  work f u n c t i o n  o f  l ev occurs a t  a coverage o f  -8.5%. 
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Bcause t h e  d i p o l e  moment per  adsorbed atom decreases w i t h  an 
inc reas ing  coverage (due t o  t h e  depo la r i z ing  e f f e c t  o f  the  a r ray ) ,  
t h e  work f u n c t i o n  decrease r a t e  drops o f f .  A maximum decrease of 
about 3 ev i s  found f o r  a coverage o f  67% monolayer. 
4 . 8 ~ 1 0 ~ ~  cm-2 determined by Langmuir i s  taken as a monolayer f o r  
cesium on tungsten. 
The value 
The exp lanat ion  o f  t h e  reduc t ion  i n  work f u n c t i o n  by  a "po- 
l a r i z a b l e  layer ' '  a t  t h e  sur face leaves a l i n g e r i n g  d i s s a t i s f a c t -  
ion.  Many ob jec t i ons  can be ra i sed  about such a mechanism. 
a review a r t i c l e  on thermionic  e l e c t r o n  emission, Nott inghamI5 
po in ts  ou t  t h e  almost complete l a c k  o f  t h e o r e t i c a l  understanding 
o f  such devices as t h e  t h o r i a t e d  tungsten e m i t t e r ,  which depends 
on j u s t  such a reduc t i on  i n  work f u n c t i o n  f o r  i t s  e f f i c i e n c y .  
While t h i s  p a r t i c u l a r  dev ice has had uncounted a p p l i c a t i o n s  over  
some four  decades, i t  appears t o  be as w e l l  understood today as 
i t  was i n  the  days o f  i t s  d iscovery.  
I n  
For present  purposes, however, i t  s u f f i c e s  t o  say t h a t  t h e  
Furthermore, s u f f i c i e n t  i n f o r m a t i o n  i s  e f f e c t  c l e a r l y  e x i s t s .  
a v a i l a b l e  so t h a t  i t s  behavior can be known; t h i s  i s  a l l  t h a t  i s  
requ i  r e d  here. 
Consider ing these r e s u l t s  o f  Tay lo r  and Langmuir, i t  i s  c l e a r  
t h a t  t h e  q u a n t i t y  p might  become zero o r  even negat ive.  
bare tungsten surface, 0 = 4.6 ev. 
tu rbed valence l e v e l  due t o  a l l  t h e  sources i n d i c a t e d  i n  Secs.11 
For a 
The value o f  W g l  , the  per-  
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and 111, has n o t  been ca lcu lated;  however, t h e  va lue 3.6 ev ar -  
r i v e d  a t  by Gadzuk3 by consider ing o n l y  sur face and image fo rces  
i s  probably  r e l i a b l e ,  s ince  these a r e  t h e  most powerful  a t  c lose  
range. Add i t i ona l  evidence t h a t  p = 1 ev f o r  a bare tungsten 
sur face  i s  prov ided by Rasor and Warner16, who o b t a i n  a value of 
about 1.05 ev through a cons idera t ion  o f  t h e  known adsorpt ion and 
vapor i za t i on  energies o f  cesium, r a t h e r  than by a quantum mech- 
a n i c a l  c a l c u l a t i o n  o f  the l e v e l  s h i f t .  Levine17 a l s o  obta ins t h e  
va lue 1.05 ev. Thus p = 1 ev f o r  a bare sur face  w i l l  be used, 
w h i l e  w i t h  on l y  8.5% monolayer, p = 0. 
considered i n  Sec. V I I I .  
These r e s u l t s  w i l l  be 
I n  t h e  event t h a t  p becomes negat ive,  t h e  emission c u r r e n t  
remains zero u n t i l  a va lue o f  E i s  reached a t  t h e  anode sur face  
such t h a t  (see Eq.(28)) p t eEs > 0, a t  which p o i n t  emission w i l l  
commence. That i s ,  no emission would be poss ib le  w i t h  VteEs I 0 
because no i o n i z a t i o n  would be t a k i n g  p lace  on t h e  anode sur face.  
Under o rd ina ry  cond i t ions ,  i t  i s  easy t o  i n f e r  from known 
data2s1 '+~16 t h a t  most o f  t h e  anode w i l l  be opera t ing  i n  the  re -  
g ion  around p = 0. 
can cause s i g n i f i c a n t  va r ia t i ons  i n  v over  the  surface. 
sequences of t h i  s v a r i a t i o n  w i  11 be i n d i c a t e d  i n  Sec. V I  11. 
However, i r r e g u l a r i t i e s  i n  sur face  p roper t i es  
The con- 
V I I I .  D I S C U S S I O N  OF THE E M I S S I O N  EQUATION 
The r e s u l t  (28) f o r  t h e  i o n  emission c u r r e n t  i s  d i r e c t l y  ap- 
p l i c a b l e  t o  the  cesium vapor discharge. However, i t  i s  f i r s t  ne- 
cessary t o  r e l a t e  the  i o n  cu r ren t  t o  t h e  t o t a l  d ischarge cu r ren t ,  
s ince  no method p resen t l y  e x i s t s  by which the  i o n  c u r r e n t  alone 
can be measured. The i o n  cu r ren t  a t  t h e  anode, as w e l l  as a t  
o the r  p o i n t s  i n  t h e  discharge, i s  o r d i n a r i l y  o n l y  a small  f r a c t -  
i o n  of t h e  t o t a l  cur ren t ;  the major  p o r t i o n  i s  due t o  e l e c t r o n  
f low.  I n  a recent  study, Robertson1* ob ta ins  a r e s u l t  t h a t  g i ves  
the  r a t i o  o f  t h e  i o n  c u r r e n t  dens i t y  a t  the  anode sur face t o  t h a t  
i n  the  plasma a d j o i n i n g  t h e  anode. Since the  r a t i o  o f  e l e c t r o n  
t o  i o n  c u r r e n t  dens i t y  i n  the plasma i s  s imply  t h e  r a t i o  o f  t h e  
respec t ive  m o b i l i t i e s ,  i t  i s  poss ib le  t o  i n f e r  t h e  r a t i o  o f  i o n  
t o  t o t a l  c u r r e n t  both i n  t h e  plasma and a t  t h e  anode sur face.  
Thus the  expression (28) can be r e l a t e d  t o  t h e  exper imenta l l y  
measurable discharge cu r ren t .  
As a convenient guide, the d ischarge may be considered as 
c o n s i s t i n g  e s s e n t i a l l y  o f  a bundle o f  cont iguous f i l amen ta ry  cur -  
r e n t  elements o r i g i n a t i n g  a t  one e lec t rode  and te rm ina t ing  a t  t h e  
o ther .  While cu r ren ts  t o  the w a l l s  by means o f  ambipolar d i f f u -  
s i o n  w i l l  c e r t a i n l y  occur, these do n o t  e s s e n t i a l l y  modi fy  t h e  
p i c t u r e .  For f i x e d  discharge parameters (d ischarge medium, pres- 
sure, temperature, c o n f i n i n g  geometry, e t c . )  t h e  d ischarge 
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dynamics a re  e s s e n t i a l l y  determined by t h e  e x t e r n a l  c i r c u i t  con- 
d i t i o n s ;  t he  discharge operates a t  a g iven s e t  o f  cond i t i ons  i n  
accommodation t o  the demands o f  t he  e x t e r n a l  c i c u i t r y .  That i s ,  
a l l  i n t e r n a l  plasma ac t i v i t y , such  as i o n i z a t i o n  and l o s s  ra tes ,  
charged and n e u t r a l  currents ,  and so on, must a d j u s t  t o  meet ex- 
t e r n a l l y  imposed cond i t i ons .  The s i t u a t i o n  i s  t oo  compl icated 
t o  descr ibe i n  d e t a i l ;  moreover, much o f  i t  i s  n o t  y e t  f u l l y  
understood. For a f a i r l y  up-to-date d iscuss ion,  some excel l e n t  
review a r t i c l e s  i n  the "Handbuch der Physik" a re  a v a i l a b e l g .  A 
number o f  t e ~ t s * O - * ~  can a lso be consul ted.  
Equation (28),  i n  combination w i t h  the  r e s u l t s  obta ined i n  
reference 18, can be u t i l i z e d  t o  g i v e  the p a r t i c u l a r  accommoda- 
t i o n  t h a t  must occur a t  t h e  anode sur face f o r  steady s t a t e .  That 
i s ,  t he  e l e c t r i c  f i e l d  t h a t  must develop a t  t he  anode f o r  a g iven 
t o t a l  c u r r e n t  may be determined. P h y s i c a l l y ,  t h i s  means t h a t  t he  
charge d i s t r i b u t i o n s  i n  t h e  anode v i c i n i t y  w i l l  arrange them- 
selves such t h a t  t he  requ i red  f i e l d  r e s u l t s .  Because o f  t he  de- 
pendence o f  Eq.(28) on p = $ - w!' , i t  can immediately be f o r e -  
seen t h a t  d i f f i c u l t i e s  w i l l  develop i n  o b t a i n i n g  a d e s c r i p t i o n  
o f  anode cond i t i ons ,  s nce a r e a l  anode i s  n o t  a t  a l l  a s t r u c t -  
ure less continuum, b u t  e x h i b i t s  v a r i a t i o n s  i n  work f u n c t i o n  and 
adsorpt ion p roper t i es .  Since these p r o p e r t i e s  determine p ,  and 
hence j, i t  i s  c l e a r  t h a t  a un i form d e s c r i p t i o n  o f  anode f i e l d s  
i s  n o t  poss ib le .  That i s ,  the m ic rop roper t i es  o f  a p a r t i c u l a r  
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anode w i l l  be a l l - i m p o r t a n t  i n  determin ing t h e  cond i t i ons  a t  i t s  
sur face.  The s i t u a t i o n  i s  not u n l i k e  t h a t  o f  e l e c t r o n  f i e l d  
emission, where t h e  v e r i f i c a t i o n  o f  t h e  Fowler-Nordheim equat ion 
was f o r  many years impeded by j u s t  such v a r i a t i o n s  i n  sur face  
p roper t i es .  
can occur may be mentioned subs t ra te  imper fec t ions ,  sur face  con- 
taminat ion,  ox ide  f l akes ,  gross phys ica l  fea tures  due t o  fab r i c -  
a t i on ,  and so on. 
Among the  many anode sur face  i r r e g u l a r i t i e s  which 
I t  thus becomes necessary, i n  terms o f  t h e  above p i c t u r e  o f  
the  discharge as a bundle o f  c u r r e n t  elements, t o  i n d i v i d u a l l y  
cons ider  t h e  elements o f  area which are  the  p o s i t i v e  (anode) 
te rm in i  o f  these c u r r e n t  elements. The emission from these e le -  
ments o f  area w i l l  then proceed according t o  Eq.(28) as p a r t i c u -  
l a r i z e d  by the l o c a l  va lue o f  p .  The value o f  p may be obta ined 
from t h e  data o f  re ference 2, prov ided the  anode mic roproper t ies  
a re  known. 
probably  more use fu l  i n  t h a t  i t  g ives  t h e  reduc t i on  i n  work 
f u n c t i o n  f o r  a v a r i e t y  o f  e lectrode-discharge medium combina- 
t i o n s .  
The much more recent  study o f  Rasor and Warner16 i s  
As a f i n a l  po in t ,  mention may be made o f  an exper imental  
f i n d i n g  o f  Langmuir and Kingdon2'+ on the  emission o f  cesium i o n s  
w i t h  an app l i ed  f i e l d .  
s i o n  i n  t h e  presence o f  an adsorbed f r a c t i o n  e i s  n e g l i g i b l e  ex- 
cep t  when e i s  very  smal l .  
They obta ined t h e  r e s u l t  t h a t  i o n  emis- 
The f i e l d s  used by them were i n  t h e  
45 
lower  f i e l d  range o f  F igs.  11-13. 
c u r r e n t  as P decreases ( e  increases) w i t h  f i x e d  f i e l d  i s  t he re  
c l e a r l y  ev ident ,  so t h a t  i n  t h i s  d e t a i l  , Eq. (28) agrees q u a l i t a -  
t i v e l y  w i t h  experiment. 
The very r a p i d  d r o p - o f f  i n  
I n  summary, i t  i s  necessary t o  p o i n t  ou t  t h a t  because o f  the 
approximations and assumptions l ead ing  t o  t h e  emission equat ion,  
t h e  present  i n v e s t i g a t i o n  i s  i n  a sense an e x p l o r a t o r y  one. In 
some cases, such as t h e  assumptions on t h e  i o n  p o t e n t i a l  energy 
near the  anode sur face  and the representa t ion  f o r  t h e  sur face 
i o n i z a t i o n  r a t e ,  t h e  procedures used have been an unavoidable / 
necessi ty ;  s u f f i c i e n t  in fo rmat ion  i s  n o t  a t  p resent  a v a i l a b l e  '\ 
t o  permi t  d e f i n i t e  statements t o  be made. 
e.g., t h e  u t i l i z a t i o n  o f  a constant mean d is tance II o f  t h e  ions  
from t h e  anode surface, were made f o r  the  sake o f  convenience; 
i t  was n o t  f e l t  wor thwhi le  t o  in t roduce t h e  cons iderab le  compl i -  
c a t i o n  o f  i n c l u d i n g  t h e  f i e l d  dependence o f  9, s ince,  under o r d i -  
nary cond i t ions ,  most o f  the ions  are  c l u s t e r e d  around x = 4-6 A.  
While many o f  t h e  elements incorpora ted  i n t o  Eq.(28) a re  thus 
Other assumptions, 
0 
open t o  re f inement  and improvement as more becomes known about 
them, i t  i s  f e l t  t h a t  t h e  process under ly ing  t h e  c a l c u l a t i o n ,  
i .e.,  t h e  s teady-state surface i o n  supply de r i ved  i n  Sec.I I1,  i s  
b a s i c a l l y  sound, and as such c o n s t i t u t e s  a r e l i a b l e  foundat ion 
f o r  t h e  cons t ruc t i on  o f  t h e  emission equat ion.  
APPENDIX 
I t was n o t  
g iven by Eqs. 
T(Y) = 1 / rJ  
where v(y)  i s  g 
found poss ib le  t o  i n t e g r a t e  Eq.(19) w i t h  T(W) as 
s s e c t i o n  an approxima- 
ch the i n t e g r a t i o n  can 
14),  (17) and (18) .  I n  t h  
t i o n  t o  T(W) w i l l  be found by means o f  wh 
be e f f e c t e d .  
The expression t o  be approximated i s  
ven i n  Eqs. (18) and y = Wm/W. 
imat ing expression found here f o r  T(y) i s  p u t  
i n t e g r a l  evaluated, i t  i s  found t h a t  t h e  t o t a l  
Q(y)  z 30 i s  completely n e g l i g i b l e .  Therefore 
b r e v i t y ,  t he  d iscuss ion w i l l  be l i m i t e d  t o  0 6 
When the approx- 
n Eq.(19) and the  
c o n t r i b u t i o n  from 
f o r  t he  sake o f  
Q(y )  5 60. Since 
Q ( y )  = a ( E ) ~ - ~ / ~ v ( y ) ,  and a(E) i s  very l a r g e  under a l l  cond i t i ons  
( a  2 3 . 6 1 ~ 1 0 ~ ) ~  v (y ) = 0 w i l l  be r q u i r e d  i f  0 i Q i 60 i s  t o  be 
s a t i s f i e d ;  i .e . ,  i t  i s  necessary t h a t  y = 1 (see Fig.14 f o r  v ( y ) ) .  
Suppose now t h a t  a func t i on  U(y) can be found such t h a t  
U ' (1 )  = v ' ( l ) ,  J 
where t h e  prime denotes d i f f e r e n t i a t i o n  w i t h  respect  t o  y, and 
46 
47 
furthermore such tha t  [U(y) - v(y)]/v(y) -f 0 mocotocically as y 
approaches 1. Then the worst possible case t o  consider i n  the 
approximation process i s  t h a t  f o r  which a(E) i n  Eq.(29) takes on 
i t s  m i n i m u m  value, since t h i s  will resu l t  in the largest  depart- 
ure from y = 1 That 
i s ,  larger  values of a(E) will require values of y closer t o  y = 
1 i n  order t o  re ta in  Q 5 60, and this  will increase the accuracy 
of the approximation by virtue of the f a c t  t ha t  ( U  - v ) / v  -+ 0 
monotonically as y -t 1.  
which will sa t i s fy  Q(y) = ~ t y - ~ / ~ v ( y )  s 60. 
The smallest value o f  a = BE-’ of relevance to  a tunnelling 
process i s  am = 3.61~103 (the f i e l d  fo r  which the bar r ie r  col- 
lapses i s  2 . 2 5 ~ 1 0 ~  v / m ) .  Therefore, the search fo r  an approxi- 
mation will be confined t o  this  m i n i m u m  value of a; i f  a good 
approximation f o r  this case can be found, then i t  will be even 
bet ter  as the f i e ld  is  increased. 
As a convenient out l ine,  the following will  be done. The 
interval 0 5 y 5 1 i s  divided into three regions R1, R 2 ,  R3, 
(see Sec.VI), such t h a t  E l :  0.995 s y s 1;  R2: 0.990 i y s 
0.995; R 3 :  0 s y s 0.990. The r e su l t  i s  then obtained tha t  
the emission over the three regions i s  such t h a t  j 2  < 10’8jl, 
while j 3  = 102j2 a t  the very most. 
shown t h a t  the approximating expression i s  valid i n  both R 1  and 
R2, then only the contribution from R1 need be retained. For the 
contribution from R2 i s  then validly approximated b u t  negligible,  
Therefore, i f  i t  can be 
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while tha t  from R3 i s  a t  most a re la t ive ly  small multiple of tha t  
from R 2 .  A simple expression t h a t  has been found t o  sa t i s fy  the 
the monotonicity requirement, i s  conditions (30) ,  as  well as 
u(y) = (T/&j)(l - y 3 4  
The factor  n / a  a r i ses  in  f t t i n g  U'(1) = v ' ( 1 )  = - 3 ~ 0 / 8 .  
The following must be shown: (1)  [U(y) - v(y)]/v(y) + 0 
monotonically as y -+ 1 ,  and ( 2 )  i n  R1 and R 2 ,  the expression 
T ( Y )  = [l + e ~ p { a y - ~ / ~ U ( y ) I ] - ~  i s  a good approximation t o  T(y) = 
[1 + e ~ p { a y - ~ / ~ v ( y ) I ] - ~ .  The r e l a t ive  e r ror  i n  Q due to  the re- 
placement v ( ~ )  + U(y) i s  AQ/Q = a ~ - ~ / ~ [ U ( y )  - ~ ( y ) ] / a y - ~ / ~ v ( y )  = 
( U  - v ) / v .  
so does AQ/Q.  
Therefore, i f  ( U  - v ) / v  + 0 monotonically as y -+ 1 ,  
I t  i s  straightforward b u t  tedious algebra t o  show rigorously 
I n  order t o  cover the range of in te r -  tha t  
e s t  ( Q  s 60) t o  the necessary accuracy, e ight  terms were required 
i n  the ser ies  expansions for the e l l i p t i c  integrals  F ( k ) ,  K(k)  
appearing i n  v(y) . This will not be reproduced here; fo r  y very 
close t o  1 ,  three terms i n  the series f o r  F ( k ) ,  K ( k )  give suffi- 
c ien t  accuracy. 
U/v -+ 1, as y -+ 1,. 
The r e su l t  i s  v(y) = 3n(l - y2)/8J"i, so t h a t  
AQ/Q = j -  U 1 = :-*- 3/2 1.  
Since both 1 - y3/2,  1 - y2 approach zero as y + 1 ,  they may be 
replaced by their derivatives according t o  1 'Hospital ' s  rule:  
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which clear ly  approaches zero monotonically from above as y -+ 1 
from below. Table I and Fig.14 show th i s  behavior c lear ly .  
Next, the re la t ive  error [ ~ ( y )  - T(y)]/T(y) over R1 and R 2  
will be found, o r  rather a t  the end-points. 
within the intervals will be smaller than a t  the end-points by 
vir tue of the monotonicity of AQ/Q.  
The re la t ive  e r ror  
The values of Q a t  y = 0.995, 0.990 can be obtained from the 
computed values of v(y) in Table I ,  and by using am = 3 . 6 1 ~ 1 0 ~ .  
These are  found t o  be Q = 30, 60, respectively. Therefore, for  
e i ther  of these end-points, T 1 exp(-0) t o  very high accuracy. 
Whereupon, i f  there i s  an error AQ i n  Q due t o  the replacement 
v(y) + U(y), then the error  i n  T i s  
( n )  dn T ( Q )  = ( -1)"T.  Hence = m  where T 
and the re la t ive  e r ror  in  T i s  
AT/T = e-AQ - I .  (34) 
The values of AQ = a , , i f 3 / * ( U  - v )  for  y = 0.995, 0.990 can be 
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obtained by u t i l i z ing  Table I ;  there resu l t s  AQ(0.995) = 0.00945, 
~Q(0.990) = 0.0385. 
(nT/T)o.990 = -0.037 a s  the r e l a t ive  e r rors  i n  T over R1, R 2 ,  
respectively. T h u s  the replacement v(y) -f U(y) i s  valid over 
Hence Eq.(34) gives ( A T / T ) o . 9 q 5  = - 0.009, 
R1,  R2. 
Table I .  Comparison of v(y) and U(y), together with the 

























































I t  was s ta ted e a r l i e r  i n  this section tha t  the contribution 
t o  the integral  (19) over R 3  i s  a t  most about 102j(R2).  
such i s  the case can be easi ly  seen by rewriting (19) en t i r e ly  
That 
i n  terms of y = Wm/W and making the replacement Ido -+ -m (note 
tha t  this replacement will increase the contribution from R,, 
ye t  i t  remains completely negligible).  Equation (19) therefore 




Th~is even i f  t h e  in tegrand i n  (35) were constant  over R 3 ,  the  
c o n t r i b u t i o n  theref rom would be 
200j(R2).  
j (R3)  s (3 .320/0.005)xj(R2) = 
I n  r e a l i t y ,  t h e  in tegrand decreases r a p i d l y  as y + 0. 
I n  view o f  t h e  above, Q and T a re  r e l i a b l y  approximated by 
t h e  expressions 
w i t h  y ( E )  = ma(E)/&f. 
1 
1 
2 ,  I 
U I  1 
0 0.2 0.4 0.6 0.8 1.0 
Y 
Fig.14. P lo ts  o f  v (y )  and U(y). 
. -  
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A d i f f i c u l t y  t h a t  remains i s  t h a t  if Eq.(37) i s  p u t  i n  t h e  
emission equat ion (19),  i t  tu rns  ou t  t o  be s t i l l  impossib le  t o  
perform t h e  i n t e g r a t i o n .  
imated by some expression t h a t  w i l l  r e t a i n  a reasonable accuracy, 
w h i l e  a t  t h e  same t ime pe rm i t t i ng  i n t e g r a t i o n  o f  Eq.(19). 
Therefore, ~ ( y )  must i t s e l f  be approx- 
It may seem t h a t  an unnecessary detour  was taken i n  a r r i v i n g  
f i r s t  a t  ~ ( y ) ,  which must then be a l s o  approximated. 
i t  w i l l  be seen s h o r t l y  t h a t  ~ ( y )  i s  approximated by an expres- 
s i o n  e(y )  o f  r a t h e r  d i f f e r e n t  form. Had 8(y)  been used t o  com- 
pare d i r e c t l y  w i t h  T(y ) ,  i t  would have been d i f f i c u l t  t o  say any- 
t h i n g  about t h e  e r r o r  propagation. Th is  i s  because t h e  exponent 
i n  T(y )  i s  parametr ic  i n  a, and s ince  t h e  f i t  must be made by 
consider ing t h e  t o t a l  expression f o r  t h e  exponent, i t  becomes 
necessary t o  o b t a i n  t h e  value o f  y as y ( a )  f o r  a g iven value o f  
t h e  exponent. 
a1 expression 
a s imple ma t te r  t o  i n v e r t  y(y-3/2 - 1 )  = rl f o r  y = y(y,r l) .  
However, 
Th is  i s  an impossibly ted ious  task  i f  t h e  o r i g i n -  
ay-3/2v(y) = r l ,  say, i s  considered, whereas i t  i s  
Consider now Eq.(37) f o r  ~ ( y ) .  The range o f  ~ ( y )  i s  seen t o  
From here on, i t  be 0 I ~ ( y )  L 1/2, corresponding t o  0 ,< y 5 1. 
w i l l  be e a s i e r  t o  work i n  terms o f  x = l / y  = W/Wm, t h e  reason 
f o r  having so f a r  used y as v a r i a b l e  be ing  t h a t  i t  made t h e  ex- 
pressions (18) much s imp le r  t o  work w i th .  Thus Eq. (37) becomes 
. .  
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w i t h  
0 I T(X) I 1/2, 
f o r  
" 2 x 2 1 .  
The behavior  o f  ~ ( x )  i s  as shown i n  Fig.15, wherein t h e  dashed 
p a r t  o f  t h e  curve corresponds t o  energ ies above the  b a r r i e r .  
Th is  i s  n o t  considered here. 
0 1 
Fig.15. Behavior o f  T ( x ) .  
From t h e  form o f  T ( X )  , together  w i t h  t h e  values a t  t h e  end- 
po in ts ,  t h e  f o l l o w i n g  suggests i t s e l f  as a l i k e l y  (and in teg ra -  
b l e )  approximat ion:  
-cy(x  -1) 
e ( x )  = (1 /2 )e  = .rM, 
where c must be f i t t e d .  
o f  e(x) ,  ~ ( x )  a re  i d e n t i c a l  f o r  any nonzero va lue o f  c. 
I t  i s  c l e a r  t h a t  t h e  end-point  values 
The values o f  e(x) and ~ ( x )  can now be e a s i l y  compared be- 
cause of t h e  s imple a n a l y t i c  forms of t h e  exponents i n  each. 
w i l l  o n l y  be necessary t o  compare f o r  values o f  t h e  exponent i n  
I t  
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Eq.(38) which l i e  i n  0 5 y ( x 3 l 2  - 1 )  5 60. 
e(x) > T(x) , so t h a t  t h e  c o n t r i b u t i o n  t o  j over 60 I (exp) 5 00 
w i l l  be increased by the  approximation e(x)  = T (x ) ,  y e t  i s  com- 
p l e t e l y  n e g l i g i b l e  (see Sec.VI). Hence t h e  ac tua l  c o n t r i b u t i o n  
i f  T(x )  were used would c e r t a i n l y  be n e g l i g i b l e  over t h i s  l a t t e r  
Outside t h i s  range, 
i n t e r v a l .  
Suppose then t h a t  y ( x 3 l 2  - 1 )  = rl 5 60; t h i s  can be i n v e r t e d  
t o  g i v e  x = ( 1  t ~ / y ) ~ / ~  = 1 t 2 ~ / 3 y ,  because y = 4000. 
f o r e ,  y ( x  - 1) = 2n/3. 
There- 
The choice c = 1 i n  Eq.(40) g ives a good 
f i t; hence t h e  expressions 
w i l l  be compared. Values o f  e ( n )  and ~ ( 0 )  over 0 2 0 5 60 a re  
g iven i n  Table 11, toge ther  wi th t h e  weighted r e l a t i v e  e r r o r  
6 = n(n)(e - T ) / T .  The weight ing f a c t o r  n(n) i s  j u s t  the  va lue 
o f  the  in tegrand of Eq.(19) normal ized so t h a t  n(1)  = 1; t h a t  i s ,  
n(1)  = 1 = b(l/2)exp(-8Wm), S O  t h a t  b = 2exp(@Wm). 
6 = 2(8 - ~ )e~p [ -BWm(x - l ) ] .  For 0 I 0 I 60, x-1 = 20/3y, and 
us ing  Wm f o r  E = Em = 2 . 2 5 ~ 1 0 ~  v/m (i.e.,-Wm has i t s  maximum va- 
l u e  f o r  t h i s  f i e l d ) ,  one can o b t a i n  
Hence, f o r  comparison purposes i n  t h i s  range, exp[-BW,(x-l)] 
and 6 = 2 ( e  - T) can be used. 
Therefore,  
0 I [ -~Wm(x- l ) ]  I 0.0206. 
1, 
I n  view o f  the  f a c t  t h a t  t h e  weighted e r r o r  (see Table 11) 
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resulting from the s u b s t i t u t i o n  T ( X )  -f e ( x )  i s  everywhere w i t h i n  
about 2%,  e (x )  w i l l  be considered a f a i r  r ep resen ta t ion  f o r  T ( X )  
and T ( x )  . Therefore ,  
T(W) 2 T ( W )  2 e(W) = (1/2)exp[-y(W/Wm - l ) ] ,  (41 1 
where, as  prev ious ly  s t a t e d ,  W ranges over  Wo s W I Wm. 
Table I I .  Comparison of e (  Q) and T (Q) , t o g e t h e r  w i t h  t h e  
weighted r e l a t i v e  e r r o r  S(Q) = 2 [ e ( n )  - T ( Q ) ] .  
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